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A Friedman-Robertson- Walker cosmology arising from a five-dimensional Chern-Simons (CS) the- 
ory for the group 5*0(1,5) coupled to matter is considered as an alternative model for dark energy 
and matter. The four-dimensional reduction describes an accelerating universe having a time depen- 
dent Newton's coupling G and a positive cosmological constant. Five dimensional matter gives rise 
to what we interprete as four dimensional ordinary plus dark matter and a dark energy is provided 
by a cosmological constant term plus a fluid arising from the CS coupling. The case of five dust is 
studied in detail, leading to acceptable limits for most of the cosmological parameters considered, 
in the context of an open non-flat universe. Nevertheless, a value for G/G which is two orders of 
magnitude higher than recent bounds is predicted. 
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The recent use of type I supernovae as standard candles to measure the expansion of the universe has led to the 
7— I ' conclusion that the universe is accelerating Q, |^ |^ . This requires a dark energy with significant negative pressure |3] • 
One possibility to account for this is based on a revival of the cosmological constant contribution. Alternative ways of 
obtaining negative pressure, in this case time dependent, include a frustrated network of topological defects (such as 
'T'* ' strings or walls) and an evolving scalar field, named quintessence in some cases Q, for example. The dark energy 
^ , fractional density is estimated in the range 0.6 < iloE < 0.8, while the corresponding ranges for matter (ordinary 
«j ' plus dark) fractional density are 0.15 < ftm < 0.45 (open universe) and 0.2 < < 0.4 (fiat universe) 7]. 
' In this work we propose an alternative way of describing an accelerated universe, which is based on the cosmological 
^NJ ' consequences of a five-dimensional Chern-Simons (CS) theory in our four dimensional world. 

' CS gauge actions, defined in odd dimensions, arise as the boundary terms of the Chern classes Jj^^^ (-F)", with 
\l F ^ dA + A /\ A being the curvature two-form associated to the Lie group connection one form A. In fact, one has 
that (F)" — dV,2n-i, which defines the CS action to be 

O ^ 

7'. ScsiA) = f ^2n-l. (1) 

^ [ In field theory the lowest dimensional case, corresponding to n — 2, has been profusely studied in the literature. Two 
• rH , of the most relevant examples are: (i) the explicit solution of 2 + 1 dimensional gravity, rewritten as a CS theory 
■ and (ii) the realization of fractional statistics via a three dimensional Abelian CS field |10|. 

The next case corresponding to n = 3 has received less attention. Following the work in Ref. we start from a 
five-dimensional Friedman-Robertson- Walker (FRW) cosmological model with matter. Subsequently, four dimensional 
quantities are introduced, thus providing an observable four dimensional FRW cosmology characterized by a varying 
Newton' s coupling. The case of vacuum solutions has been previously discussed in Refs. 0,^3. Five |Q| and 
higher dimensional cosmologies arise naturally in the study of unified models of the interactions, such as string 
theories for example and have been extensively studied in the past '16^. Our chosen five dimensional action includes 
the Einstein, the Gauss-Bonet and the cosmological constant terms with precise relative coefficients dictated by the 
CS construction. We provide a matter coupling through a five-dimensional fluid. 

The paper is organized as follows: section lU summarizes the results of Ref. j 1 1| which are relevant to our purposes. 
The five dimensional cosmology is introduced in section Hill where the corresponding equations for the scale factors 
of the fourth (a(<)) and fifth dimensions (o'(t)) are summarized from the previous work in Refs. 0,^3- Also, the 
four dimensional Newton 's coupling and cosmological constant are identified. The restriction to the case of 5-matter 
with zero 5-internal pressure is introduced in section Hvl and the exact solutions for the scale factors are obtained. 
Sectionals devoted to the identification of the corresponding four dimensional quantities which can be subsequently 
probed by the observational bounds. Section [VJ includes a discussion of the fivc-dust case (corresponding to the 
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further restriction of zero 5-external pressure) with a comparison with the observational data. Finally, a summary of 
the results is given in section FV ill 

II. THE MODEL 

We start from the Chern-Simons action for the gauge groups 5*0(1,5) and 5*0(2,4) in five dimensions 

Scs{A) = kj^^ tr (^A{dAf + ^A' dA+^A''^ , (2) 

where the A = Ap,^'~^ J^q dx^ is the Lie-algebra valued connection one-form. The space-time indices are p, = 
{jjL, 5), /I — 0,1,2,3, while the Lie-algebra indices are B = (-6,6), B = (6,5), b = 0, 1,2,3. — —JcB ^-^^ the 
group generators normalized to tr {J^b Jcd Jef) — ^Abcdef- We have omitted the explicit wedge products in 1^)1. 
The equations of motion are 

^ABCDCDEF F^"" A F^^ = 0, F^^ ^dA^^^ A^5 A A^^ (3) 
where the group indices are raised or lowered by the corresponding flat metrics rj^g — diag(— ,+,+,+,+, +) for 
5*0(1,5) and -q^B = diag(-, +,+,+,+, -) for 50(2,4). Our units are such that the form A^^ = Af,^^ dx^^ is 
dimensionless. 

In order to recover Einstein theory of gravity we follow the work of Ref. 11] and introduce the following (0, 1, 2, 3, 5)-f 
(6) sphtting of the connection A^'^ ^ {A , A^^) 

A^^-cZ;^^, ^^^^=7^6-^, (4) 

where, as we will see from the resulting action, uj^ are the five-dimensional Ricci rotation coefficients and are 
the funfbcin one-forms. Substituting in (j^J one obtains 

Scsi^, e)^3kTjJ tABCDE [e^ A i?^^ A R^^ + A A A i?^^ 

^T? g^Ag^Ae'^Ae^Ag^V (5) 



leads to 

1 
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where 

R^'' ^du^'' +Co^'' ^uc'' (6) 

is the five dimensional Riemann tensor. In the above we have defined E = A 77^, with dimensions 1/i^, where A is 
related to the signature of the fifth index group. We have A = -|-1 for 5*0(2, 4) and A = — 1 for 50(1, 5). We recognize 
the second term in the RHS of ||SJ| as the five-dimensional Einstein action. The relation 

2fc77S j eABCDEe"^ Ae^ Ae^ AR^^ = 12kr]T. J R5 d^x, (7) 
16.G.='''^^' 

thus allowing the identification of the five-dimensional gravitational constant G5. The third term in jSJ is the 
cosmological constant contribution, while the first is the five-dimensional Gauss-Bonet term. 
In terms of the new variables ^ the equations of motion (j2Jl are 

eABCDES^'' AS'''' = 0, cabcdeS^'' AT^ = (9) 

where 

cAB rtAB , ~A ^ ~B rpA i-A . ~ A ~B l^r\\ 

5 —R -1-eAe, 1 ^ de + uj b A e . (10) 

Here, the torsion appears as the curvature R"^^. In the following we will consider the case of zero torsion. 

A full Kaluza-Klein interpretation of this model, where the five-dimensional metric is splitted in its four-dimensional 
metric component plus the electromagnetic and scalar fields has been developed in Refs.fl^ 11*71. where non- minimal 
couplings to gravity together with non-linear modifications to the standard Einstein-Maxwell-dilaton theory are ob- 
tained. Also, plane-fronted gravitational and electromagnetic waves solutions in spaces endowed with a cosmological 
constant term are reported in the first Ref. [l7| . 
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III. FIVE-DIMENSIONAL COSMOLOGY. 



We assume that the action (|5j is coupled to general five-dimensional matter described by the generic fluid stress 
tensor 



Tab — diag(p^,m, P5extm: P5extm, P5extmi Pbint m) ■ 

Also we consider a Fermi-Robertson- Walker (FRW) line element 



(11) 



(12) 



where we use the standard parameterization for a;', i = 1,2,3 in the possible cases k = ±1, 0. We assume that the 
fifth coordinate is already compactified. As we will see, this model does not accept a = cte as a dynamical solution, 
so that we will be satisfied with obtaining solutions for a{t) that decrease in the cosmological time. 

After a standard but tedious calculation we obtain the following equations of motion for the scale factors a{t), a{t) 
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It will prove convenient in the sequel to introduce the following auxiliary variables [T^ 



Wl = - + E, V2 = — h S, 
a a 



a 

W3 = I - 



Using them, Eas. (|13ll5ll4|) are respectively written as 

V^Vi = P5m, 

2viVA+ V2 V'i 



Vl V3 



— + 1], 



V4 = h S. 

a a 



(13) 

(14) 
(15) 

(16) 



■ Pbint m i 



(17) 



The terms in square brackets in Eqs. (|13I14I15|I correspond to the non-zero components Gqq^Gu, G55, respectively, 
of the five-dimensional Einstein tensor Gab which satisfy well-known Bianchi identities. These are reflected in the 
conservation equation of the effective five-dimcnsional energy momentum tensor, which is identified by reading off the 
terms in the RHS of the above equations. In this way we can view the CS cosmology as an standard five-dimensional 
FRW cosmology with a modified energy momentum tensor including matter (m) , a cosmological term (A) and a cosmic 
fluid {D) which will be interpreted as an additional contribution to the dark energy. In other words we introduce the 
following splitting 

P5T = P5m + P5D + P5A, PbAT ^ PbAm + PbA D + PbA A, (18) 

where A labels the exterior and interior components of the respective pressures. The individual contributions are 
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The conservation equation for the full effective energy- momentum tensor, which matches the corresponding five- 
dimensional Bianchi identity, is 

P5T + 3 - (psT + P^ext t) + - (PST + Pbint t) = 0. (20) 

a a 

We have verified that each cosmic fluid component labeled by A or Z) satisfies the conservation Eq. H2U|) . in such a 
way that the matter contribution also does it. 

At this stage we compare the second and third pieces of the action |SJ with the standard four-dimensional Einstein 
and cosmological constant terms, respectively, 

^ yld^x (i?4-2A4), (21) 



16 7rG4 



in order to identify the corresponding Newton coupling 6*4 and cosmological constant A4. 
The resulting identification produces 

1 ^ ... 2A4 ^2 



12fcr;E(T(t)r5, - — ^ = 72fcr/EV(t) rs, (22) 
which leads to 

G4(i) = -%r, A4 = -3 E = -SAt^^, (23) 

where is the compact radius of the fifth dimension. That is to say, 5*0(1,5), A — —1 corresponds to the de Sitter 
group, while S'0(2,4), A — -1-1 corresponds to the anti-de Sitter group. Let us observe that the model predicts a time 
dependent Newton coupling G/^{t) but a cosmological constant A4. Also we obtain 



G4 _ o; 
~ " ■ 

We choose to parameterize the equation of state of the five-dimensional matter in the standard way 



(24) 



Pbext r 



(-^ - 1) P5m, Pbintni = {M - 1) p^ra- (25) 



The conservation equation ^2[)\ leads to the general form 

1 ^ ^ 

/'s™ ^ „M ■ (26) 

The equation of state for the cosmological constant contribution is 

P5A = -P5A, (27) 

while the equation of state for the D-contribution is dependent on the equations of motion. 

The vacuum solution {p^m = 0, P5extm = 0, p^intm = 0) of our model was discussed in Refs. [T^ IT3l |. In the case 
of a negative deceleration parameter, the unwanted increasing behavior a[t) — a cosh{Kt) for the scale factor of the 
fifth dimension was obtained. 



IV. THE CASE OF 5-MATTER WITH 5-EXTERNAL PRESSURE 

This corresponds to the case where p^int = 0, (M = 1), with ^ and p^extm 7^ 0. In order to have a non-zero 
value for we require both ^3 and W4 to be simultaneously non-vanishing. This leads to 

ui=0, ^ 'd + \ifa = 0, A = ±l (28) 

and the equation for a{t) is completely decoupled. In the sequel we only consider the case A = — 1, which produces a 
negative deceleration parameter. The solution is 

a(t) = Asinh(?7t). (29) 
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We have 



together with the relations 



H{t) =ricoth{r]t), g(t) := - ^ = - tanh^(?7 i), (30) 



r]= ^-qit)H{t) ^ r, = ^^Ho, qit) < 0, (31) 

which allows to determine the cosmological constant in terms of the present values of the Hubble and deceleration 
parameters. 

As seen in Eq. (|3()|l the deceleration parameter q is negative, result that agrees with recent observations which yield 



an accelerated expanding universe, characterized by 0, j 

go = -0.58^° i^, go = -1.0 ±0.4, (32) 

respectively. 

The next step is to deal with the solution of cr(t). The remaining equations reduce to 

^3^4 = P5m, V2V3 = -SnG^i: Ijpsm, (33) 

which ratio leads to the following equation for a 

a-Nrj coth{T]t)& - (1 - N)T]'^a = 0, TV = 3 - mg. (34) 
The above can be reduced to a Legendre equation. Imposing appropriate boundary conditions we finally obtain 

a = Ci{x^ - ly^^ Pr\x), = y < 0, x = coth{7]t). (35) 

The condition 7713 — 3 > is indeed adequate to a standard matter distribution. The density is given by 

k \ T 



P5n 



sttGs V Ay r(-z/ + i)) 



(.x2-l)(''-3)/2p--l(^) 



(36) 



The matter density is positive as expected and one can verify that p^m ^ l/(a™^ cr), in accordance with the conser- 
vation law H20|l . 

V. IDENTIFICATION OF FOUR DIMENSIONAL QUANTITIES 

The basic five dimensional equations for our cosmology Eas. H13ll4(l . together with the definition (|18(l . can be 
presented in the form 

k 8nG4(t) k f „ ^ , ^ ,„„^ 

-j +^ = ^^P4e//, + ^-8.G.(t)p,.,„ (37) 

in order to identify the four dimensional effective density and pressure. They turn out to be 

a . 3 1 .. 2 d . 

Pieff = r^ap^T r^a- — — , P4eff = c^PbextT + — 7=r^5 0-+^ — 7=^-^5 (38) 

From the above equations, together with p5|l. one can express the five dimensional density and pressures in terms 
of the four dimensional effective quantities. Substituting this in the five dimensional conservation equation H20|) . we 
obtain the four dimensional conservation equation appropriate to a universe with varying gravitational coupling G4 (t) 

PAeff + 3 {pieff +P4eff ) + -^P^^ff = 0. (39) 

Indeed, equation H39|) can also be obtained from the standard FRW conservation after the replacements p4 
G4{t) p4eff, P4 — > G4{t)p4eff are made. 
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Let us emphasize that once the four dimensional interpretation in enforced, the degree of freedom corresponding to 
the five dimensional scale factor (7{t) is translated into a varying Newton coupling G4{t). 

Next we provide a further interpretation of the individual pieces that make up the four dimensional effective density 
Pieff and the four dimensional effective pressure Pieff- In the cases of matter and cosmological constant we make 
the choice 

P4 = r5ap5, Pi ^ napsext, (40) 

which is motivated by the standard reinterpretation of the fivc-dimensional total matter in a given volume, in terms 
of four-dimensional quantities [l8Lll^ l20 | . Also, Ea. H4U|) preserves the form of the equations of state, leading to 

P4rn = - l) P4m, PiK = -PiK- (41) 

Nevertheless, a difference arises in the individual conservation equations satisfied by each of these components. In 
fact, for the cosmological constant we have 

3 3 

PAK = -r5<y „ S, P4A = ?-5(T S, (42) 

which satisfies the full conservation equation H39I) . In the case or matter we recall that we have chosen ma = 3, M = 
Ij (jp5intm = 0), which together with Ea. (|26|l leads to p^rn ^ l/a™^. This implies the standard matter conservation 
equation 

P4,m + 3 (P4,m +P4,m) = 0, (43) 

associated with the first equation of state in H41() . 

Next we consider the remaining contribution to the effective quantities labeled by the index D. Here we simply read 
off the corresponding identification and conservation properties that are necessary to maintain the four dimensional 
Bianchi identities induced by the LHS 's of Eas. H37|) . To this end we recall the over all identifications 

( d (7 3 \ 

Pieff = Pirn + P4D + PiA = r5 a [ p^m + P5D + P5A Z 7^ , (44) 

f I a 2 a&\ 

Pieff = P4m + P4D + P4A = [P5extm + P5extD + PSextA + Z 7^ 7^ ' (45) 

together with the full conservation equation H39|l . Substituting our previous definitions and individual conservation 
equations, we are left with the remaining identification 

/ a& 3 \ 

P4D = 7-5(7 P5D a ^ , (46) 

\ a a an ) 

( \ a 2 ab\ 
P4B = f 5 Piext D + ^— + ^— • (47) 

which must satisfy the conservation equation 

d G G 

PiD+i- {P4D + P4d) + -p-,P4D = - -pr,p4m- (48) 

a G G 

The above means that matter is a source of the fluid D. The possible consequences of this are not explored in this 
work. 

Next we turn to the fractional densities. To this end we introduce the ratios among the different densities pin 
and the instantaneous critical density Pe{t)- We have 

174„(t) = ^, pc{t) = -^—H{t)\ pco = 0.947 X 10-29 (49) 
Pc{t) %T:Gi(t) 

From the first Eq.(j2Z|l we obtain the usual result 

(ai?) 

The fractional density at the present time corresponding to the cosmological term is 



1 — ^4m + ^^4A + ^4D + ^4k + ^ik, ^4k = — , ^ jj-^^ ' ^^^^ 



jf A 
"4A0 = ^ 

independently of the behavior of a{t) 



^4Ao ^-Er2= TTH = -10, (51) 
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VI. THE CASE OF FIVE-DUST WITH A = 1 



In order to test some observational consequences of the model under consideration we examine in some detail the 
simple case when p^extm = 0, {m^ — 3), p^intm ~ 0, {M =1). The solutions are 

a(t) = Asinh(?7t), a{t) ^ Bexp{~r]t). (52) 

Let us remark that here we can implement a decreasing fifth scale parameter producing a crack of doom singularity 
at t ^ oo. Using the above solutions together with the first Ea. ljlTI) we obtain 

2 k \ p''* 



where the constant term involving k can be rewritten as 

^ = sinh^7jto)H^ino-l), (54) 

and the subindex zero labels the present time. Using the relations H3l)|l together with the four-dimensional identifica- 
tions described in the previous section it is possible to write all the required fractional densities in terms of flo and 
Qo := -g(to) as 

^4mO — {^0 — Qo) ( 1 H 1 ^4A0 = Qo, 



/Qo 

^4Do = ~i^o ~ Qo)—if^, rifco = i-rio- (55) 

Since the individual density contribution of the fluid D is negative for the cases when the matter density is positive, 
we choose to interprete it as part of the dark energy density ^deo and define 

^DEO — ^4A0 + ^4D0, ^0 = ^4m0 + ^DEO- (56) 

In order to make some numerical estimations with this model we consider the following range for the relevant param- 
eters age of the universe: 12 < to < 18 Gyr, Hubble parameter: QO < Hq < 82 km/(segMpc), total density 
parameter : 0.85 < < 1-25 and mass density parameter: 0.2 < fl4mo < 0.4. In the sequel the numerical 
quantities will be assumed to have the corresponding units stated above. 

For fixed ri4mo, the first expression in H55|l produces a minimum Qo for the minimum value flQ — 0.85. This 
corresponds to a minimum value of to associated to the maximum Hq — 82. In fact, for a given Qo, the model 
predicts increasing to's for decreasing Ho's, according to Eq. l|5n|) . 

The model disfavors fio > 1, which would require at least to = 21 for Ho — 82, with increasing values for the smaller 
values the Hubble parameter. The maximum values: Ho = 82 together with to = 18, determine the maximum value 
Qo = 0.74. For il4m0 = 0.3 this produces the maximum value Oo = 0.88 for an open non-flat universe. On the other 
hand, the minimum value fio = 0.85 produces Qo = 0.71 for Q4mo = 0.3, leading to to = 17.4 for Ho = 82. This same 
minimun value = 0.85 with lower values of Ho leads to increasing ages of the universe, reaching the upper limit 
for Ho = 79. Summarizing, for ^4m0 = 0.3 the model predicts an open non-flat universe with 0.85 < Qo < 0.88, with 
corresponding 0.55 < f^^^o < 0.58. Also we have 17.4 < to < 18; 79 < Ho < 82; and 0.71 < Qo < 0.74. The lower 
value Q4m0 = 0.2 is ruled out by the model requiring a minimum of to = 18.3 for flo = 0.85 with increasing ages 
for higher fio- The minimum allowed is Q4m0 = 0.24. Higher values of Q,4m0 can be accomadated in the model. For 
example r24mo = 0.4 requires a minimun age of to = 16.8 for Ho — 82 and Qo = 0.85 with Qo = 0.67. The maximun 
age here is obtained with Ho = 76.5. The maximum value for Qo is 0.93. 

Recalling that the model requires a time dependent Newton coupling we now examine the known bounds on this 
quantity. In the case of flve dust our prediction, according to Eq. is 

^ = +??= VO^ffo « 7.0 X 10-"j/r-i. (57) 

for the averages Qo — 0.73 and Hq = 80 determined previously in the case Q4m0 — 0.3. A comparison with one of 

the latest bounds: —3 x lO^^'^j/r^^ < (^04/04^ < 4 x lO^^^y?'^^ 22], shows that unfortunately the predicted value 

is too high by almost two orders of magnitude. The range of allowed values of either Qo or Ho will not allow any 
drastic modification of the estimation (I57II in the case of five-dust. 
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VII. SUMMARY 



A FRW cosmological model arising from a five-dimcnsional Chern-Simons theory for the group S0{1, 5) is considered. 
The resulting five dimensional equations for the corresponding scale parameters a{t) and a{t) are exactly solved in 
the case of five-matter with 5-external pressure. The four-dimensional reduction describes an accelerating universe 
(go < 0) having a time dependent Newton's coupling 6*4 (t) and a positive cosmological constant. The five dimensional 
matter gives rise to what we interprete as four dimensional ordinary plus dark matter f24mo ^nd a dark energy Qdeq — 
flo — fl4m0 is provided by the cosmological constant plus a fluid component arising from the CS coupling. The case of 
five dust (zero 5-external pressure) is studied in more detail, leading to a decreasing behavior of the fifth dimension 
scale parameter, reaching zero for infinite cosmic time. For the choices ^l4m0 = 0.3 and 79 < Hq < 82 the dust 
model predicts an open non flat universe with values: 0.85 < flo < 0.88, 17.4 < to < 18Gyr, and 0.71 < ~qo < 0.74. 
Unfortunately, a value for G4/G4 which is two orders of magnitude higher than recent bounds is found. 

Within the framework presented so far it remains to be examined whether the choice p^extm 7^ 0, (ms 7^ 3), could 
alleviate some of the above problems. Finally, we have the open alternative to explore solutions with p^intm 7^ 0, 
(M ^ 1), which is not considered at all in this paper. The improvement of the five-dust model over the vacuum 
situation provides some degree of optimism in this respect. 
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